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We investigate the interior structure, perturbations, and the associated quasinormal modes of a
quantum black hole model recently proposed by Bodendorfer, Mele, and Mu¨nch (BMM). Within
the framework of loop quantum gravity, the quantum parameters in the BMM model are introduced
through polymerization, consequently replacing the Schwarzschild singularity with a spacelike tran-
sition surface. By treating the quantum geometry corrections as an ‘effective’ matter contribution,
we first prove the violation of energy conditions (in particular the null energy condition) near the
transition surface and then investigate the required junction conditions on it. In addition, we study
the quasinormal modes of massless scalar field perturbations, electromagnetic perturbations, and
axial gravitational perturbations in this effective model. As expected, the quasinormal spectra de-
viate from their classical counterparts in the presence of quantum corrections. Interestingly, we find
that the quasinormal frequencies of perturbations with different spins share the same qualitative
tendency with respect to the change of the quantum parameters in this model.
I. INTRODUCTION
A general consensus is that general relativity (GR) has
been tremendously successful in describing our universe.
Based on GR, we have the big bang theory that stands as
the building block of current standard cosmology. More
recently, direct detections of gravitational waves from bi-
nary merger events [1–3] and the image of the black hole
shadow [4] provide further evidences regarding the cor-
rectness of GR in the large curvature regime, such as
that in the vicinity of neutron stars and black holes. Es-
pecially, the direct detection of gravitational waves has
ushered in a new era of modern astronomy because we
are now equipped with a telescope more powerful than
ever before to look much deeper into our universe, or to
probe what really goes on very close to a black hole.
However, GR, in spite of its remarkable successes, is
incomplete from a theoretical point of view. For ex-
ample, GR predicts the existence of spacetime singu-
larities where the theory itself ceases to be valid [5, 6].
According to GR, there exists a singularity inside the
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black hole, while the hope is that the singularity can be
ameliorated by some quantum effects. To address issues
such as this, one major challenge is to figure out how a
consistent quantum theory of gravity can be formulated.
In recent decades, several approaches towards quantum
gravity have been developed, such as loop quantum grav-
ity (LQG) [7–9], canonical quantum gravity [10], string
theory [11], and Euclidean path integral [12–14]. Since
none of these approaches are complete by themselves,
a more phenomenological perspective suggests thinking
about the kind of effective quantum corrections that may
contribute to the modifications to GR when considering
regimes with large curvature scales. Such modified theo-
ries of gravity could be treated as effective, or semiclassi-
cal, approximations of the unknown full quantum theory
of gravity [15].
Among the plethora of various approaches, in this pa-
per we will consider the LQG scenario and focus on an
effective black hole model within this approach. LQG in-
troduces the concept of quantum geometry in the sense
that the spacetime is made of some fundamental building
blocks (known as spin-networks) which have a discrete
spectrum for geometrical operators such as volume and
area, with a so-called minimum area-gap [7]. The gen-
eral idea behind constructing effective models in LQG is
that one expects some non-perturbative quantum geom-
etry corrections that would modify Einstein equations.
One expects to write down such semiclassical corrections
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2which arise when considering the full quantum theory
with expectation values of operators taken in some well-
defined semiclassical states [16]. In practice, for effective
versions of LQG, one typically introduces the so-called
holonomy modifications by hand, which are quantum
corrections resulting from the above-mentioned area-gap
and the structure of the Hilbert space in LQG [17–19].
The typical method of introducing holonomy modifi-
cations in effective models is to use the polymerization
technique in LQG, which is achieved by replacing the con-
jugate momenta p in the phase space with their polymer-
ized counterparts sin(λp)/λ, where λ is a quantum pa-
rameter (related to the area-gap) in the effective model.
The trigonometric function is not an ad hoc choice, but
appears as the result of having matrix elements of SU(2)
holonomies evaluated along a loop. The curvature of
spacetime, calculated in terms of these holonomies, gets
a natural regularization as a result of using such bounded
functions. When applied to cosmology, it is well-known
that the big bang singularity is resolved1 [8]. Using simi-
lar methods, one can also consider effective models to de-
scribe black hole spacetimes in LQG [22–39]. In spite of
the various possibilities to construct effective black hole
models, a common feature is the presence of a transition
surface inside the black hole, which replaces the classi-
cal singularity, although many of them may suffer from
other fundamental inconsistencies [40–46]. Finally, when
λp 1, the classical theory can be easily recovered.
In this paper, we will focus on the effective quantum
black hole proposed in Ref. [47], which we shall refer to as
the BMM model. Instead of the SU(2) connections and
their conjugate momenta, which are commonly used in
LQG, the BMM model is based on the polymerization of
a new set of canonical phase space variables. This model
is characterized by the following features:
(i) The singularity is replaced with a spacelike tran-
sition surface, which separates infinite pairs of
trapped and anti-trapped regions.
(ii) Quantum effects become important starting from a
unique curvature scale which is independent of the
mass of the black hole.
(iii) The solution recovers the Schwarzschild black hole
near the event horizon and it is asymptotically flat.
(iv) A certain mass (de-)amplification relation is re-
quired.
We will first investigate in more details the interior struc-
ture of the BMM quantum black hole, including the vi-
olation of energy conditions near the transition surface,
and then examine the junction conditions on the tran-
sition surface. By treating the quantum corrections on
1 Whether one gets a primordial bounce [20] or a signature-change
[21] remains a matter of considerable debate.
the spacetime as a kind of effective matter fields, we con-
firm the expectation that the energy conditions (in par-
ticular the null energy condition) must be violated as a
result of the repulsive behavior near the transition sur-
face, which prevents the formation of singularities. In
addition, we will adopt the Israel junction conditions for
a spacelike hypersurface embedded in the most general
static and spherically symmetric spacetime2. It should
be mentioned that the junction condition and the equa-
tions of motion for general shells of arbitrary causal char-
acter (which may even change) have been deduced and
studied in arbitrary dimension [48–52], where the Israel
junction conditions are generalized. We will then study
the junction conditions on the transition surface of the
BMM model and show that the transition between the
black hole and the white hole regimes is perfectly smooth.
Next, we will study the perturbations of the BMM
quantum black hole and calculate their ringing frequen-
cies. In light of the recent detection of gravitational
waves from binary merger events, the black hole pertur-
bations and their associated gravitational wave proper-
ties have been intensively investigated [53–58]. Essen-
tially, during the post-merger epoch and before the set-
tlement of the new black hole, there is an intermediate
stage where the distortion of the black hole can be re-
vealed. This process is accompanied with the emission
of gravitational waves and is dubbed as the ringdown
stage. The ringdown signals are featured by quasinormal
modes (QNMs) since the black hole at this stage can be
treated as a dissipative system, continuously losing its
energy. The perturbations have a discrete spectrum and
the QNMs have complex frequencies, which are charac-
terized only by the black hole mass, charge, and spin. If
there are additional parameters that describe the black
hole, such as some quantum parameters, they shall also
leave their signatures in the QNM spectra.
Typically, the QNMs of a black hole are described by
a family of master equations, which are derived either
by perturbing the gravitational equation directly or by
considering the conservation equations of some test fields
around the black hole spacetime. The former corresponds
to the gravitational perturbations of the black hole and
they can be further categorized into axial and polar per-
turbations, according to how the perturbations react to
the change of parity. The latter, on the other hand, de-
scribes the evolution of the test fields around the black
hole. For example, one can study the QNMs of a test
scalar field and electromagnetic fields by starting with
2 Note that the existence of a spacelike transition surface is a
generic property, i.e., not only in the BMM black hole model, but
also for most black holes bouncing into a white hole in LQG. The
junction conditions can be derived in the framework of GR. How-
ever, this does not invalidate their use in this model since in an
effective approach to LQG, it is customary to rewrite the quan-
tum geometry corrections as an “effective” energy-momentum
tensor coupled to GR. We will discuss this issue in more detail
later.
3the Klein-Gordon equation and the Maxwell equations,
respectively. Even though the latter case seems less re-
lated to the real gravitational wave signals, it neverthe-
less may provide us the first insight encoded in QNMs,
such as the stability of the black hole.
In this work, we will study the QNMs of the massless
scalar field perturbations, electromagnetic perturbations,
and the axial gravitational perturbations in the BMM
quantum black hole. We will review the derivation of the
master equations of the massless scalar field and the elec-
tromagnetic fields, for the most general static and spheri-
cally symmetric spacetime. As for the axial gravitational
perturbations, we will assume that the perturbed BMM
black hole can be described within GR framework with
an effective energy-momentum tensor endowed with an
anisotropic fluid. The master equation is then obtained
by perturbing Einstein equation and the effective energy-
momentum tensor. For each case, the QNM frequen-
cies are calculated with the Wentzel-Kramers-Brillouin
(WKB) method up to the 6th order [59–64] as well as
the asymptotic iteration method (AIM) [65, 66]. We
will compare the results with those of the Schwarzschild
black hole and demonstrate how the QNM frequencies
change with the quantum parameters. In the context of
LQG, the QNMs of the scalar field perturbations [67, 68]
and the axial gravitational perturbations [69] for the self-
dual black hole [25] have been studied. The shadow and
QNMs of rotating self-dual black holes have also been
investigated very recently [70].
This paper is outlined as follows. In section II, we re-
view the BMM quantum black hole, including its deriva-
tion and some of its important features. This section
gives a summary of the BMM quantum black hole, and
the content of our new results is included thereafter. In
section III, we investigate physical properties near the in-
terior transition surface, such as the violation of energy
conditions and the implication of the junction conditions.
In section IV, we study the massless scalar field perturba-
tions, electromagnetic perturbations, and the axial grav-
itational perturbations of the BMM quantum black hole.
The QNM frequencies are evaluated and they are com-
pared with those of the Schwarzschild black hole in GR.
We finally conclude in section V. An appendix A is in-
cluded to give a brief introduction on the WKB method
applied in this work.
II. BMM QUANTUM BLACK HOLE
In this section, we briefly review the effective LQG
black hole (the BMM black hole) proposed in Ref. [47],
including its derivation and its important features. This
effective model is based on the polymerization of a new
set of canonical phase space variables, rather than the
standard connection variables that have been used in
the majority of LQG effective black hole models. We
will briefly review the classical spacetime delineated by
the Hamiltonian description and then review the effective
black hole model proposed in Ref. [47].
A. The Hamiltonian description: classical theory
In order to consider the black hole spacetime, we start
with the static and spherically symmetric metric
ds2 = −a¯(r)dt2 +N(r)dr2 + b¯(r)2dΩ22 , (2.1)
where a¯(r), N(r), and b¯(r) are functions of r. Inserting
the line element (2.1) into the Einstein-Hilbert action,
one can derive the effective Lagrangian as follows
L(a¯, b¯, n¯) = 2L0
√
n¯
(
a¯′b¯′b¯
n¯
+
a¯b¯′2
n¯
+ 1
)
, (2.2)
where the prime denotes the derivative with respect to r
and the function n¯ is given by
n¯ = a¯N(r) .
The constant L0 is an infrared cut-off in the non-compact
t direction (0 ≤ t ≤ L0) for a fiducial cell in the constant
r slices [47]. After redefining the variables
√
n = L0
√
n¯ ,
√
a = L0
√
a¯ , b = b¯ , (2.3)
the Lagrangian can be rewritten as
L(a, b, n) = 2
√
n
(
a′b′b
n
+
ab′2
n
+ 1
)
, (2.4)
and the dependence of L0 is now hidden in the La-
grangian. Note that L0 is the coordinate length of the
fiducial cell in t-direction. One can in principle define the
physical length of it as follows [47]
L0 ≡
√
a(r0) = L0
√
a¯(r0) , (2.5)
where r0 is a certain reference radius. The final physi-
cally relevant quantities are expected to be independent
of these fiducial quantities L0 and L0.
Using the Lagrangian (2.4), one can define the con-
jugate momenta pa, pb, and pn. It can be seen that the
conjugate momentum pn in the system (2.4) is zero, indi-
cating a primary constraint. This constraint is first class
and it corresponds to a gauge degree of freedom. We can
fix the gauge by choosing n to be a constant.
In Ref. [47], the authors introduced a new set of canon-
ical conjugate variables
v1 =
2
3
b3 , P1 =
a′√
nb
=
( pb
2b2
− apa
b3
)
,
v2 = 2ab
2 , P2 =
b′√
nb
=
pa
2b2
. (2.6)
This set of variables relates to the original one (a, b, pa,
and pb) via a canonical transformation. Using these new
4variables, the Hamiltonian constraint can be written in
a much simpler form
Hcl =
√
nHcl , Hcl = 3v1P1P2+v2P 22 −2 ∼ 0 . (2.7)
The ∼ denotes weak equality.
After choosing the gauge
√
n = L0, the line element
(2.1) can be rewritten as
ds2 = −a(r)
L20
dt2 +
L20
a(r)
dr2 + b(r)2dΩ22 . (2.8)
The equations of motion can be obtained from the Hamil-
tonian. As a result, it can be proven that b is proportional
to r. In addition, one can recast a(r) as a function of b
as follows
a(b) =
L20(
3D
2
) 2
3
(
1− F
b
)
, (2.9)
where D is an integration constant and F is a fiducial cell
independent Dirac observable (constant only along the
trajectories of the solution). After a constant t-rescaling
and replacing r with b, the classical Schwarzschild solu-
tion is recovered:
ds2 = −
(
1− 2M
b
)
dt2 +
1
1− 2Mb
db2 + b2dΩ22 , (2.10)
where the Dirac observable F = 2M is related to the
mass of the black hole M .
B. The effective model
In Ref. [47], the authors considered the polymerization
of the classical model and solve the effective equations of
motion to get the effective quantum Schwarzschild black
hole. In this model, since the canonical variables directly
relate to the metric functions of the whole spacetime, the
effective equations of the whole spacetime, including the
exterior of the event horizon, can be solved directly. Es-
sentially, the effective Hamiltonian is derived by substi-
tuting the canonical momenta by the following sinusoidal
functions:
P1 → sin (λ1P1)
λ1
, P2 → sin (λ2P2)
λ2
, (2.11)
where λ1 and λ2 are quantum parameters in this effective
model. In the low-curvature regime where λiPi  1, we
have sin(λiPi)/λi ≈ Pi and the effective model reduces
to the classical model. However, the effective model
would be significantly different compared with the clas-
sical model when the contributions from the quantum
parameters become relevant. These significant quantum
corrections are expected especially deep inside the black
hole.
As just mentioned, the effective Hamiltonian is derived
by substituting Eq. (2.11) into (2.7):
Heff =
√
nHeff ,
Heff = 3v1 sin (λ1P1)
λ1
sin (λ2P2)
λ2
+ v2
sin (λ2P2)
2
λ22
− 2
∼ 0 . (2.12)
Solving the equations of motion from the effective Hamil-
tonian (2.12), one can obtain v1(r), v2(r), P1(r), and
P2(r). According to the relations in Eqs. (2.6), the met-
ric functions b(r) and a(r) in the line element (2.8) can
be solved as follows [47]
b(r) =
(
3v1(r)
2
) 1
3
=
√
n
λ2
(
3DC2λ21
) 1
3
(
λ62
16C2λ21n
3
(√
nr
λ2
+
√
1 + nr
2
λ22
)6
+ 1
) 1
3
(√
nr
λ2
+
√
1 + nr
2
λ22
) , (2.13)
a(r) =
v2(r)
2b(r)2
= n
(
λ2√
n
)4(
1 +
nr2
λ22
)1− 3CD
2λ2
1√
1 + nr
2
λ22

(
1
3DC2λ21
) 2
3
(√
nr
λ2
+
√
1 + nr
2
λ22
)2
(
λ62
16C2λ21n
3
(√
nr
λ2
+
√
1 + nr
2
λ22
)6
+ 1
) 2
3
, (2.14)
where C and D appear as two integration constants when
solving P1(r) and v1(r), respectively. It should be noticed
that when expressing the line element (2.8), the metric
function b(r) seems to be a better radial coordinate of the
spacetime, rather than r. In fact, the metric functions
a(r) and b(r) are well-defined for r ∈ (−∞,∞). The exis-
tence of the negative branch of r is absent in the classical
model and it relates to an important feature of the effec-
tive spacetime: the existence of the white hole region. In
Ref. [47], the authors found that there are two fiducial
cell independent Dirac observables in this effective space-
time, one corresponds to the black hole mass MBH and
5the other the white hole mass MWH . By considering the
approximated metric functions at large physical radius
(b(r)→∞) as we will carry out later in section II D, the
positive branch reduces to the Schwarzschild spacetime
with a black hole mass MBH . The negative branch, on
the other hand, reduces to the Schwarzschild spacetime
with a white hole mass MWH at its asymptotic region.
These two masses are related to the two integration con-
stants C and D as follows [47]:
C =
λ32
4λ1
√
n3
(
MWH
MBH
) 3
2
,
D =
(
2
√
n
λ2
)3 [
2
3
(
λ1λ2
3
)3
M3BH
(
MBH
MWH
) 9
2
] 1
4
.
(2.15)
In fact the roles of two holes can be completely ex-
changed. As explained in Ref. [47], an observer in the
white hole exterior region would experience this region
as the exterior of a Schwarzschild black hole spacetime.
C. The metric functions in terms of the radial
coordinate b
As we have mentioned, r can be treated just as an
auxiliary coordinate and it is b(r) that has a meaning
of physical radius. For practical purposes, it is more
convenient to rewrite the metric functions in terms of
b. This can be achieved by first inverting b(r) to get
r = r(b), then using a = a(r) to get a(b).
We first define the following variables:
y ≡
√
n
λ2
r , X ≡ y +
√
y2 + 1 . (2.16)
The metric functions a(r) and b(r) given in Eqs. (2.13)
and (2.14) can be rewritten as functions of X as follows
b(X) = A
(
BX6 + 1
) 1
3
X
, (2.17)
a(X) = λ22
(
X2 + 1
2X
)2(
1− 3CD
2λ2
2X
X2 + 1
)
1
b(X)2
,
(2.18)
where
A ≡
√
n
λ2
(
3DC2λ21
) 1
3 , B ≡ λ
6
2
16C2λ21n
3
. (2.19)
Note that we have used the relation
y2 + 1 =
(
X2 + 1
2X
)2
,
which can be easily derived from the second equation in
(2.16).
Next, we invert Eq. (2.17) to express X as a function
of b, i.e., X = X(b). One can obtain
X(b)3 =
b3
2A3B
± 1
2
√
b6
A6B2
− 4
B
. (2.20)
In addition, from Eq. (2.16) we get
dr2 =
λ22
4n
(
1 +
1
X2
)2
dX2
=
λ22
4n
(
1 +
1
X(b)2
)2(
dX
db
)2
db2 . (2.21)
Then, the metric line element (2.8) can be written as
ds2 =− a(b)
L20
dt2 +
λ22
4a(b)
(
1 +
1
X(b)2
)2(
dX
db
)2
db2
+ b2dΩ22 . (2.22)
Note that we have chosen the gauge
√
n = L0 as in the
classical theory. As a result, the metric functions gtt and
gbb in Eq. (2.22) can be written as functions of b by using
Eqs. (2.18) and (2.20).
To proceed, we insert the relations (2.15) into
Eq. (2.19) and get
B =
(
MBH
MWH
)3
, AB
1
3 =
[
λ1λ2MBH
2
(
MBH
MWH
) 3
2
] 1
4
,
CD =
2
λ1
[
2
3
(
λ1λ2
3
)3
M3BH
(
MWH
MBH
) 3
2
] 1
4
. (2.23)
It can also be seen that
3CDAB
1
3
λ2
= 2MBH ,
3CDA
λ2
= 2MWH . (2.24)
Finally, we choose a new time coordinate with a constant
rescaling:
τ ≡ λ2
2L0AB
1
3
t , (2.25)
such that the metric (2.22) can be written as
6ds2 = −4a(b)A
2B
2
3
λ22
dτ2 +
λ22
4a(b)
(
1 +
1
X(b)2
)2(
dX
db
)2
db2 + b2dΩ22 . (2.26)
This metric, Eq. (2.26), in which X(b) and a(b) are de-
fined through Eqs. (2.20) and (2.18) respectively (see also
Eq. (2.16)), describes the effective metric of this polymer
black hole. Later, we will use this metric (2.26) to study
the interior structure and QNMs of the BMM quantum
black hole.
D. The solutions at the asymptotic regions
As can be seen in Eq. (2.20), the solution of the ef-
fective model contains a positive branch and a negative
branch. In fact, the positive and negative branches can
be regarded as the black hole region and the white hole
region with different masses MBH and MWH , respec-
tively. This can be seen by considering the asymptotic
expressions of the solution, i.e., at a large radius b.
We first consider the asymptotic region of the positive
branch in which y → ∞, X → ∞, and b → ∞. In this
limit, according to Eqs. (2.18) and (2.20), X(b) and a(b)
can be approximated as
X(b) ≈ b
AB
1
3
, a(b) ≈ λ
2
2
4A2B
2
3
(
1− 3CD
λ2X(b)
)
.
(2.27)
Therefore, the metric (2.26) can be approximated as
ds2 = −
(
1− 2MBH
b
)
dτ2+
db2
1− 2MBHb
+b2dΩ22 , (2.28)
where Eq. (2.24) has been used. As a consequence,
the metric for the positive branch reduces to the
Schwarzschild metric with a mass MBH at the asymp-
totic region.
On the other hand, the asymptotic region for the neg-
ative branch corresponds to y → −∞, X → 0+, and
b→∞. In this limit, the asymptotic expressions of X(b)
and a(b) read
X(b) ≈ A
b
, a(b) ≈ λ
2
2
4A2
(
1− 3CDA
λ2b
)
. (2.29)
Therefore, the metric (2.26) can be written as
ds2 = −B 23
(
1− 2MWH
b
)
dτ2 +
db2
1− 2MWHb
+ b2dΩ22 ,
(2.30)
where Eq. (2.24) has been used again. After choosing a
suitable constant time rescaling, the metric for the nega-
tive branch reduces to the Schwarzschild spacetime with
a mass MWH at the asymptotic region.
It should be emphasized that the two branches of
spacetime are smoothly connected when the square root
in Eq. (2.20) vanishes and the radius b acquires its min-
imum value bm = (3λ1CD/2)
1/3
. Replacing CD with
Eq. (2.23), we get
bm =
[
2 (λ1λ2)
3
M3BH
(
MWH
MBH
) 3
2
] 1
12
. (2.31)
Since b gets its minimum value, the derivative db/dX van-
ishes at b = bm, indicating that the metric function gbb
diverges at b = bm. In addition, the metric function gττ
acquires a non-zero finite value where the two branches of
solution are connected. Actually, in this effective model,
b = bm stands for a spacelike transition surface connect-
ing a trapped and an anti-trapped regions, replacing the
classical singularity [47].
E. Mass (de-)amplification relation
The BMM quantum black hole is described by four
parameters: two quantum parameters λ1 and λ2, and two
distinct masses of the holes: MBH andMWH . In Ref. [47]
it has been shown that a certain mass (de-)amplification
relation is required such that the condition that quantum
effects become relevant only at a unique curvature scale
which is independent of the mass of the black hole can
be satisfied. Th mass (de-)amplification relation is [47]:
MWH = MBH
(
MBH
m
)β−1
, β =
5
3
or
3
5
, (2.32)
where the constant parameter m has mass dimension and
it is assumed to be smaller than the mass of the holes.
If β = 5/3, an observer traveling from the black hole
to the white hole through the transition surface feels an
amplification of the mass since MWH > MBH . On the
other hand, if β = 3/5 the observer would experience a
mass de-amplification when crossing through the tran-
sition surface. It has been shown in Ref. [47] that this
model is free from an indefinite mass amplification or de-
amplification when crossing through multiple adjacent
patches of Penrose diagram because the masses oscillate
between MBH and MWH during the journey. The Pen-
rose diagram of the full spacetime of the BMM quantum
black hole was presented in Figure 8 of Ref. [47].
The reason and derivation of these two particular val-
ues of β are clearly explained in Ref. [47]. This is es-
sentially based on the requirement that the onset of the
quantum effects should be at a unique curvature scale.
To illustrate this, let us assume that the Kretschmann
scalar K in this model can be roughly approximated as
K ≈M2/b6. This approximation is supposed to be valid
at least at the regime where the quantum corrections are
7still moderate. Because the minimum radius at the inte-
rior region is given by bm = (3λ1CD/2)
1/3
, provided the
relation (2.32), it can be shown that
b3m =
[
2 (λ1λ2)
3
] 1
4 ×

MBH
m
1
4
when β =
5
3
MWH
m
1
4
when β =
3
5
, (2.33)
and the curvature scale M2/b6 close to the transition sur-
face bm turns out to be independent of the mass on the
de-amplified side, which is MBH (MWH) when β = 5/3
(β = 3/5). On the amplified side, on the other hand,
the curvature scale where quantum effects become impor-
tant does depend on the mass ratio [47]. But this mass
dependence is irrelevant when the black hole is massive
(M  m) since these quantum effects have significant
contributions only deep inside the black hole. In the rest
of this paper, we will rescale all quantities in the unit
of 2MBH such that 2MBH = 1. Under this choice of
rescaling, we will in addition assume m = 0.2.
In Figure 1, we have illustrated the metric functions
of the BMM quantum black hole with respect to b. The
left panel shows the metric function −gττ and the right
panel shows 1/gbb. In the upper (lower) panel we have
assumed β = 5/3 (β = 3/5). The blue curves are the
positive branch solution, while the red curves represent
the negative branch. We summarize some features which
can be read off from Figure 1:
(i) The solutions reduce to the Schwarzschild metric
(the black solid curves) at large radius or when the
quantum parameters are small.
(ii) The size of the event horizon shrinks when the quan-
tum parameters increase.
(iii) At the transition surface b = bm, the metric function
gbb diverges, as can be seen in the right panel.
(iv) The positive and the negative branches are con-
nected at the transition surface. When β = 5/3
(β = 3/5), the negative branch (red curves) asymp-
totically reduces to a Schwarzschild metric with a
mass MWH larger (smaller) than MBH after a con-
stant time rescaling, corresponding to a mass (de-
)amplification.
III. INTERIOR STRUCTURE
As we have mentioned, for the BMM quantum effec-
tive model, the black hole and white hole spacetimes are
smoothly connected at a spacelike transition surface in-
side the event horizon. This transition surface takes place
at a minimum radii b = bm where the metric function gbb
diverges. The other metric function gττ is continuous
and gets a finite value (see Figure 1). In this section, we
will investigate features of the interior structure of this
model, especially near the transition surface, in detail.
A. Violation of energy conditions
It can be imagined that the presence of transition sur-
face replacing the singularity is purely due to the quan-
tum effects in this model. If one uses an effective energy-
momentum tensor to describe these quantum effects, this
effective matter field should introduce some sorts of repul-
sive force such that the singularity can be avoided. To
reiterate, one does not assume any form of (phantom)
matter or other such ingredients in order to ameliorate
the singularity in this model; rather, one tries to write the
quantum geometry corrections from the left hand side of
Einstein’s equation to the right hand side to reinterpret it
as a sort of effective contribution to the stress energy ten-
sor albeit the solution presented here is for LQG-modified
vacuum (spherically-symmetric) spacetime. Therefore,
this ‘effective’ matter field is expected to violate the en-
ergy condition. In this subsection, we shall confirm this
hypothesis explicitly.
As we have already discussed, we assume that the ef-
fective quantum black hole is described by the Einstein
field equation with an effective energy-momentum tensor
Tµν . The energy-momentum tensor can be written as
that of an anisotropic fluid [71]
Tµν = (ρ+ p2)uµuν + (p1 − p2)xµxν + p2gµν , (3.1)
where ρ is the energy density measured by a comoving
observer with the fluid, and uµ and xν are the time-
like four-velocity and the spacelike unit vector which is
orthogonal to uµ and the angular directions. In the ex-
pression (3.1), p1 and p2 are the radial pressure and the
tangential pressure, respectively. Note that uµ and xµ
satisfy
uµu
µ = −1 , xµxµ = 1 , (3.2)
where the indices are raised and lowered by the metric
gµν . Inside the horizon, The components of the energy-
momentum tensor read
Tττ = gττp1 , T
τ
τ = p1 , (3.3)
Tbb = −gbbρ , T bb = −ρ , (3.4)
T θθ = T
φ
φ = p2 . (3.5)
The explicit expressions of ρ, p1, and p2 are functions of
b and they can be derived by calculating the correspond-
ing Einstein tensor Gµν(g) constructed from the metric
Eq. (2.26).
For the energy-momentum tensor described by an
anisotropic fluid, the strong energy condition is violated
if and only if ρ + p1 + 2p2 < 0. On the other hand, the
null energy condition is violated if and only if ρ+ pi < 0
where i = 1, 2. According to Figure 2, it can be seen that
ρ+ p1 + 2p2 and ρ+ p1 are negative near the transition
surface in this model. Therefore, the strong and null en-
ergy conditions are violated for the BMM quantum black
hole within the effective anisotropic fluid description.
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FIG. 1. The metric functions −gττ (left) and 1/gbb (right) are shown in terms of b. The upper (lower) panel shows the results
with β = 5/3 (β = 3/5). In each figure, the solid, dashed, and dotted curves correspond to λ1 = λ2 = 0.1, 0.2, and 0.3,
respectively. The Schwarzschild solution 1− 1/b is presented by the black curves. One can see that the positive branch curve
(blue) can be connected to the negative branch curve (red) at the transition surface bm. Comparing the two branches, it can
also be shown that the transition from the positive branch to the negative branch corresponds to a mass (de-)amplification
when β = 5/3 (β = 3/5).
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FIG. 2. The violation of the energy conditions of the BMM
quantum black hole is exhibited. Since ρ + p1 + 2p2 < 0
and ρ + p1 < 0 at the transition surface, the strong energy
condition and the null energy condition are violated. Here we
assume β = 5/3 and choose λ1 = λ2 = 0.3. The blue curve
corresponds to the positive branch of the solutions and the
red curve corresponds to the negative branch.
B. Junction conditions at the transition surface
Since the BMM model contains a spacelike transition
surface which connects two distinct spacetimes, it turns
out to be crucial to investigate the junction condition at
the transition surface more carefully. This can help us
to check whether the transition of different spacetimes in
this model is smooth or not. For instance, if the met-
ric and its derivative acquire some discontinuities at the
transition surface, one is obliged to include some non-
trivial tension or pressure on this spacelike surface, which
may lead to extra subtleties for this model.
In order to study the junction conditions on the transi-
tion surface in this model, we have to consider the junc-
tion conditions which are applicable i) in this effective
quantum model, and, ii) for a spacelike hypersurface with
the most general static and spherically symmetric met-
ric. For the first point, since we are considering an effec-
tive black hole model based on LQG, it is fair and com-
monly acceptable to assume the validity of the Einstein’s
field equation (with an effective energy-momentum ten-
sor) and therefore, the Israel junction conditions can be
applied. Here we would like to mention that the junc-
tion condition and the equations of motion for general
shells of arbitrary causal character (the character may
even change) have been deduced and studied in arbitrary
dimension [48–52], in which the Israel junction conditions
9are generalized. As for the second point, we will apply
the Israel junction conditions to a spacelike hypersurface
in the most general spherically symmetric metric. In fact,
the junction condition for a spacelike hypersurface in a
particular class of spherically symmetric metric has been
deduced in Refs. [40, 72]. In addition, the junction con-
dition for a timelike hypersurface in the most general
spherically symmetric metric has been investigated and
applied in Refs. [73–77]. Here, we will consider the junc-
tion condition for a spacelike hypersurface embedded in
the most general static and spherically symmetric space-
time, and apply it to the transition surface at the interior
of the BMM quantum black hole.
We consider the following spacelike hypersurface
ds2t = dz
2 + b2(z)dΩ22 , (3.6)
which describes the junction between the positive and
negative branches of the spacetime:
ds2± = −
∣∣g±bb∣∣ db2 + g±ττdτ2 + b2dΩ22 . (3.7)
The functions g±bb and g
±
ττ are the positive (negative)
branches of the solution given by Eq. (2.26) evaluated on
the two sides of the transition surface. Note that gbb < 0
and gττ > 0 inside the event horizon.
The tangent vector on the junction surface can be con-
structed via the following vectors
eµz =
(
b˙, β±, 0, 0
)
,
eµθ = (0, 0, 1, 0) ,
eµφ = (0, 0, 0, 1) , (3.8)
where β± ≡ ±
√(
1 +
∣∣g±bb∣∣ b˙2) /g±ττ and the dots denote
the derivative with respect to z. The vectors eµa are con-
structed such that hab = gµνe
µ
ae
ν
b where hab is the in-
duced metric describing the junction surface (3.6). Using
the vectors (3.8), the tangent vector Uα can be expressed
using the (b, τ, θ, φ) coordinates as follows
Uα =
(
b˙, β±, 0, 0
)
. (3.9)
From the tangent vector Uα, one can define a normal
vector nα such that U
αnα = 0 and n
αnα = −1:
nα = γ±
(
β±,−b˙, 0, 0
)
, (3.10)
where γ± ≡
√∣∣g±bb∣∣ g±ττ .
Furthermore, we calculate the extrinsic curvature
Kab ≡ −nµ;νeµaeνb to get
Kab = diag
[
˙(g±ττβ±)
γ±b˙
,
γ±β±
b
∣∣g±bb∣∣ , γ±β±b ∣∣g±bb∣∣
]
. (3.11)
Note that when γ± = 1, the result agrees with that in
[40, 72].
The shell stress energy tensor defined by a perfect fluid
reads
Sab = diag [σ, P, P ] , (3.12)
and it relates to the jump of the extrinsic curvature at
the spacelike surface according to the Israel junction con-
dition [78]:
8piSab = − ([Kab]− hab [K]) , (3.13)
where [Kab] ≡ Kab|+ −Kab|−. Then we obtain
4piσ =
[
Kθθ
]
, 8piP =
[
Kθθ
]
+ [Kzz ] . (3.14)
If we assume b˙ = 0 at the junction surface, we obtain
4piσ =−
(
1
b
√|gbb|
)∣∣∣∣∣
+
−
(
1
b
√|gbb|
)∣∣∣∣∣
−
,
4piP =−
(
1
2b
√|gbb| + gττ,b4gττ√|gbb|
)∣∣∣∣∣
+
−
(
1
2b
√|gbb| + gττ,b4gττ√|gbb|
)∣∣∣∣∣
−
. (3.15)
Eq. (3.15) is the junction condition for a spacelike hyper-
surface embedded in the most general static and spheri-
cally symmetric metric where γ± 6= 1.
Since
√
gbb is proportional to dX/db which diverges at
the transition surface b = bm, we find that σ vanishes. As
for the pressure P , we have found that the non-vanishing
components of the extrinsic curvature on the two sides of
the transition surface cancel with each other, therefore
the pressure P also vanishes. The equation of state w ≡
−P/σ, on the other hand, gets a positive finite value
(see Figure 3). As a result, the vanishing of the tension
σ and the pressure P clearly shows that the transition
surface in the BMM black hole is indeed smooth and the
two spacetimes are perfectly connected via this spacelike
surface.
IV. QUASINORMAL MODES
In this section, we are going to study the perturba-
tions of the BMM quantum black hole and their associ-
ated QNM frequencies. The QNMs associated with the
gravitational perturbations of a black hole are tightly re-
lated to the ringing gravitational wave signals emitted
from that black hole. The master equation describing
the gravitational perturbations is derived by perturbing
the spacetime metric, the energy-momentum tensor, and
the gravitational equations. This is what we are going
to carry out in section IV C. On the other hand, one can
also consider the perturbation of some test fields, such as
scalar fields or electromagnetic fields, in the given black
hole spacetime. In this scenario, the notion of test fields
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FIG. 3. The tension σ, pressure P , and the equation of state w ≡ −P/σ on the junction surface. Here we assume β = 5/3 and
choose λ1 = λ2 = 0.3. The dashed line corresponds to the bouncing point bm.
means that the back reaction of the test fields on the
spacetime is assumed to be negligible. In this regard, the
master equations are derived from the conservation equa-
tions of the associated test fields on the curved spacetime,
such as the Klein-Gordon equation for a scalar field, and
the Maxwell equations for electromagnetic fields. Later
on, we will first consider the QNMs of the massless scalar
field and the electromagnetic fields in sections IV A and
IV B, respectively. Then we investigate the axial gravi-
tational perturbations and their QNMs in section IV C.
To derive the master equations of perturbations and
study the QNMs of the BMM quantum black hole, in this
work, we will consider the most general static and spher-
ically symmetric spacetime where gττgbb 6= constant. For
the master equation of a massless scalar field, the deriva-
tion starting from the Klein-Gordon equation is rather
straightforward. While for the electromagnetic and axial
gravitational perturbations, we will resort to the tetrad
formalism to obtain their master equations.
Without loss of generality, the perturbed spacetime
in our case can be described by a non-stationary and
axisymmetric metric in which the symmetrical axis is
turned such that no φ dependence appears in the metric
functions. Considering only the axial perturbations, the
perturbed metric gµν can be written as
ds2 =− |gττ | dτ2 + b2 sin2 θ (dφ− χdτ − q2db− q3dθ)2
+ gbbdb
2 + b2dθ2 , (4.1)
where the perturbations are encoded by the functions χ,
q2, and q3, and they are functions of time τ , radial coor-
dinate b, and polar angle θ. The other metric functions
gττ and gbb remain the zeroth order quantities and are
functions of b only.
Now, we use the tetrad formalism in which one defines
a basis eµ(a) associated with the metric gµν [79]. The
tetrad indices are enclosed in parentheses to distinguish
them from the tensor indices. The tetrad basis should
satisfy
e(a)µ e
µ
(b) = δ
(a)
(b) , e
(a)
µ e
ν
(a) = δ
ν
µ ,
e(a)µ = gµνη
(a)(b)eν(b) ,
gµν = η(a)(b)e
(a)
µ e
(b)
ν ≡ e(a)µe(a)ν . (4.2)
Conceptually, in the tetrad formalism we project the rel-
evant quantities defined on the coordinate basis of gµν
onto a chosen basis of η(a)(b) by constructing the tetrad
basis correspondingly. In practice, η(a)(b) is usually as-
sumed to be the Minkowskian matrix
η(a)(b) = η
(a)(b) = diag (−1, 1, 1, 1) . (4.3)
In this regard, any vector or tensor field can be projected
onto the tetrad frame in which the field can be expressed
through its tetrad components:
Aµ = e
(a)
µ A(a) , A(a) = e
µ
(a)Aµ ,
Bµν = e
(a)
µ e
(b)
ν B(a)(b) , B(a)(b) = e
µ
(a)e
ν
(b)Bµν . (4.4)
It should be emphasized that in the tetrad formalism, the
covariant (partial) derivative in the original coordinate
frame is replaced with the intrinsic (directional) deriva-
tive in the tetrad frame. For instance, the derivatives of
an arbitrary rank two object Hµν in the two frames can
be related as follows [79]
H(a)(b)|(c) ≡ eλ(c)Hµν;λeµ(a)eν(b)
=H(a)(b),(c)
− η(m)(n) (γ(n)(a)(c)H(m)(b) + γ(n)(b)(c)H(a)(m)) ,
(4.5)
where a vertical rule and a comma denote the intrin-
sic and directional derivative with respect to the tetrad
indices, respectively. A semicolon denotes a covariant
derivative with respect to the tensor indices. Further-
more, the Ricci rotation coefficients are defined by
γ(c)(a)(b) ≡ eµ(b)e(a)ν;µeν(c) . (4.6)
A. The massless scalar field perturbations
As the simplest example, we consider the QNMs of the
massless scalar field around the BMM quantum black
hole. The master equation describing the QNMs of the
massless scalar field Φ is deduced from the Klein-Gordon
equation in the curved spacetime:
Φ = 1√−g ∂µ
(√−ggµν∂νΦ) = 0 . (4.7)
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Since we have neglected the back reaction of the scalar
field on the spacetime, we have treated the scalar field
itself as a perturbation quantity. Therefore, we will only
consider the zeroth order part of the metric (4.1):
ds2 = − |gττ | dτ2 + gbbdb2 + b2dΩ22 . (4.8)
The scalar field Φ can be decomposed as follows:
Φ(τ, b, θ, φ) =
1
b
∑
l,m
ψl(τ, b)Ylm(θ, φ) , (4.9)
where Ylm are the spherical harmonics with l andm being
the spherical harmonic indices. In this regard, the Klein-
Gordon equation (4.7) can be written as
∂2b∗ψl + ω
2ψl = Vs(b)ψl , (4.10)
where b∗ refers to the tortoise radius defined by
db∗
db
=
√
gbb
|gττ | . (4.11)
Note that the Fourier decomposition (∂τ → −iω) has
been used to obtain Eq. (4.10). The effective potential
Vs reads
Vs(b) = |gττ |
[
l(l + 1)
b2
+
1
b
√|gττ | gbb
(
d
db
√
|gττ |
gbb
)]
.
(4.12)
The effective potential Vs(b) with different parameters is
shown in Figure 4. The fundamental QNM frequencies
are calculated using WKB method up to 6th order (see
the appendix A) and the results are shown in Figure 5.
We have also calculated the QNM frequencies using the
AIM, and the results match those obtained through the
WKB method. Note that we have presented the fre-
quency ratio between the BMM quantum black hole and
the Schwarzschild black hole, whose QNM frequency is
denoted as ωs [81].
B. The electromagnetic perturbations
Next we consider the QNMs of the electromagnetic
fields around the BMM quantum black hole. The mas-
ter equation describing the electromagnetic QNMs is de-
duced from Maxwell equations.
In the tetrad formalism [79], the Bianchi identity of
the field strength F[(a)(b)|(c)] = 0 gives(
b
√
|gττ |F(τ)(φ)
)
,b
+ b
√
gbbF(φ)(b),τ = 0 , (4.13)
b
√
|gττ |
(
F(τ)(φ) sin θ
)
,θ
+ b2 sin θF(φ)(θ),τ = 0 . (4.14)
On the other hand, the conservation equation
η(b)(c)(F(a)(b))|(c) = 0 gives(
b
√
|gττ |F(φ)(b)
)
,b
+
√
|gττ | gbbF(φ)(θ),θ
+ b
√
gbbF(τ)(φ),τ = 0 . (4.15)
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FIG. 4. The effective potential Vs(b) is shown for different
values of parameters. The upper (lower) panel shows the
results for β = 5/3 (β = 3/5). The solid, dashed, and dotted
curves correspond to λ1 = λ2 = 0.1, 0.2, and 0.3, respectively.
The potential corresponding to the Schwarzschild solution is
presented by the black curves. Here we assume the multipole
number l = 2.
For the sake of abbreviation, we then define the field
perturbation
B ≡ F(τ)(φ) sin θ . (4.16)
After differentiating Eq. (4.15) with respect to τ and us-
ing Eqs. (4.13) and (4.14), we have
[√
|gττ |
gbb
(
b
√
|gττ |B
)
,b
]
,b
+
|gττ |√gbb
b
( B,θ
sin θ
)
,θ
sin θ
− b√gbbB,ττ = 0 . (4.17)
To proceed, we consider the Fourier decomposition and
the following field decomposition [79]:
B(b, θ) = B(b)Y,θ/ sin θ , (4.18)
where Y (θ) is the Gegenbauer function satisfying [80]
sin θ
d
dθ
(
1
sin θ
d
dθ
Y,θ
sin θ
)
= −l(l + 1) Y,θ
sin θ
. (4.19)
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FIG. 5. The real part (upper) and the imaginary part (lower) of the fundamental QNMs for the massless scalar field are
presented. Different colors represent different values of β. The left panel shows how the frequencies change with respect to the
changes of λ1 and λ2. We highlight the curves of λ1 = λ2 and show them in the right panel. In the right panel, the QNM
frequencies evaluated using the AIM are shown as colored points, and they match well with the WKB results (solid curves).
Here we assume the multipole number l = 2.
As a result, Eq. (4.17) can be written as[√
|gττ |
gbb
(
b
√
|gττ |B
)
,b
]
,b
+ ω2b
√
gbb B
− |gττ |
√
gbb
b
l(l + 1)B = 0 .
(4.20)
Finally, we redefine ψEM ≡ b
√|gττ |B and use the tor-
toise radius defined by (4.11). The above equation (4.20)
can be further written as
∂2b∗ψEM + ω
2ψEM = Ve(b)ψEM , (4.21)
where the effective potential takes the following form [79]
Ve(b) = |gττ | l(l + 1)
b2
. (4.22)
The effective potential Ve(b) with different parameters is
presented in Figure 6. The fundamental QNM frequen-
cies are calculated using the WKB method up to 6th
order (see the appendix A) and the results are shown
in Figure 7. Again, we have also calculated the QNM
frequencies using AIM and the results match perfectly
with those obtained through the WKB method. Note
that we have presented the frequency ratio between the
BMM quantum black hole and the Schwarzschild black
hole, whose QNM frequency is denoted as ωs [81].
C. The axial gravitational perturbations
In this subsection, we will consider the axial gravi-
tational perturbations and their QNMs for the BMM
quantum black hole. In fact, one has to perturb the
corresponding gravitational equation and the energy-
momentum tensor (if any) to derive the master equa-
tion. However, as we have mentioned, the BMM quan-
tum black hole is just an effective model based on LQG
in which the polymerization is performed at the level of
Hamiltonian. Indeed, the modified Einstein’s equation,
or the so-called effective equations in LQG, can be de-
rived from the effective Hamiltonian. However, instead
of working directly with the effective equations, we will
apply a similar strategy to what we have used in sec-
tion III A. We will assume that this effective quantum
black hole is described by Einstein’s gravity minimally
coupled to an anisotropic fluid. Effectively, it is the
anisotropic fluid that drives the quantum corrections. In
this regard, we have to perturb the Einstein equation and
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FIG. 6. The effective potential Ve(b) is shown for different
values of parameters. The upper (lower) panel represents the
results for β = 5/3 (β = 3/5). The solid, dashed, and dotted
curves correspond to λ1 = λ2 = 0.1, 0.2, and 0.3, respectively.
The effective potential for the Schwarzschild black hole is pre-
sented with the black curves. Here we assume the multipole
number l = 2.
the energy-momentum tensor of the anisotropic fluid.
In the tetrad formalism, it has been proven in Ref. [82]
that the axial components of the perturbed energy-
momentum tensor defined by an anisotropic fluid are
zero. Therefore, the master equation is given by the ax-
ial components of3 R(a)(b) = 0. The (θ, φ) and (b, φ)
components of this equation read[
b2
√
|gττ |
gbb
(q2,θ − q3,b)
]
,b
= b2
√
gbb
|gττ | (χ,θ − q3,τ ),τ ,
(4.23)[
b2
√
|gττ |
gbb
(q3,b − q2,θ) sin3 θ
]
,θ
=
b4 sin3 θ√|gττ | gbb (χ,b − q2,τ ),τ ,
(4.24)
respectively. Then, we define
Q ≡ b2
√
|gττ |
gbb
(q2,θ − q3,b) sin3 θ . (4.25)
By differentiating Eqs, (4.23) and (4.24) and eliminating
χ, we can get(√
|gττ |
gbb
Q,b
b2
)
,b
+
√|gττ | gbb
b4
( Q,θ
sin3 θ
)
,θ
sin3 θ
=
√
gbb
|gττ |
Q,ττ
b2
. (4.26)
We consider the Fourier decomposition and the ansatz
Q(b, θ) = Q(b)Y (θ) , (4.27)
where Y (θ) is the Gegenbauer function satisfying
d
dθ
(
1
sin3 θ
dY
dθ
)
= − [l(l + 1)− 2] Y
sin3 θ
. (4.28)
With these definitions, Eq. (4.26) can be written as(√
|gττ |
gbb
Q,b
b2
)
,b
−
√|gττ | gbb
b4
[l(l + 1)− 2]Q
= −ω2
√
gbb
|gττ |
Q
b2
. (4.29)
Finally, we define ψG ≡ Q/b and consider the tortoise
radius defined by Eq. (4.11). The master equation can
be written as
∂2b∗ψG + ω
2ψG = Vg(b)ψG , (4.30)
where the effective potential reads
Vg(b) = |gττ |
[
l(l + 1)
b2
+
2
(
g−1bb − 1
)
b2
− 1
b
√|gττ | gbb
(
d
db
√
|gττ |
gbb
)]
. (4.31)
3 It should be emphasized that the vanishing of the axial compo-
nents of R(a)(b) is not equivalent to the vanishing of those of
Ricci tensor Rµν on the coordinate basis. In fact, the master
equation of the axial perturbations derived from R(a)(b) = 0 is
equivalent to that derived from the linearized Einstein equation
coupled to the energy-momentum tensor of an anisotropic fluid,
i.e., Eq. (3.1).
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FIG. 7. The real part (upper) and the imaginary part (lower) of the fundamental QNMs for the electromagnetic perturbations
are presented. Different colors represent different values of β. The left panel shows how the frequencies change with respect
to the changes of λ1 and λ2. We highlight the curves of λ1 = λ2 and show them in the right panel. In the right panel, the
QNM frequencies evaluated using the AIM are shown as colored points, and it can be seen that they match well with the WKB
results (solid curves). Here we assume the multipole number l = 2.
The effective potential Vg(b) with different parameters
is shown in Figure 8. The fundamental QNM frequen-
cies are calculated using the WKB method up to 6th
order (see the appendix A) and the results are shown
in Figure 9. We have also calculated the QNM frequen-
cies using AIM and the results match well with those
obtained through the WKB method. Note that we have
presented the frequency ratio between the BMM quan-
tum black hole and the Schwarzschild black hole, whose
QNM frequency is denoted as ωs [81].
Let us briefly summarize what we have found in this
section. First of all, we would like to emphasize that the
BMM black holes with the parameter space chosen in this
paper are linearly stable against the aforementioned per-
turbations. This is the consequence of the fact that the
potentials (see Figures 4, 6, and 8) are non-negative ev-
erywhere outside the horizon. Second, all these potentials
share a similar qualitative shape, irrespective of the spin
and the presence of the quantum parameters, although
the height and the position of the peak would be different
in different cases. Third, one can see that when chang-
ing the quantum parameters, the height of the potential
increases and the radius of the event horizon shrinks. It
is these changes that alter the QNM frequencies because
the QNM frequencies are essentially determined by the
potential. For example, if β = 3/5, Figure 7 shows that
the real part of the QNM frequency is 15% larger than
the Schwarzschild counterpart when λ1 = λ2 = 0.2 (note
that we have rescaled 2MBH = 1). The absolute value of
the imaginary part, on the other hand, would increase by
3%. However, since the mass of a typical astrophysical
black hole is much larger than the Planck mass, for this
class of black holes, one should not expect significant de-
viations in observables between the BMM black hole and
the Schwarzschild black hole.
V. CONCLUSIONS
In this paper, we study the interior structure, the per-
turbations, and the QNMs of the BMM quantum black
hole, which was proposed in Ref. [47]. Based on the
framework of LQG, this effective black hole model is con-
structed via the polymerization of a new set of canonical
phase space variables, in contrast to the standard SU(2)
connections and their conjugate momenta method com-
monly adopted in the LQG literature. The BMM quan-
tum black hole is characterized by a spacelike transition
surface inside the event horizon based on which the clas-
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The effective potential for the Schwarzschild black hole is pre-
sented by the black curves. Here we assume the multipole
number l = 2.
sical singularity is removed. In addition, the quantum
effects rapidly die down when moving away from the tran-
sition surface and the solution recovers the Schwarzschild
metric near and outside the event horizon.
First, we have proven that the energy conditions of the
effective energy-momentum tensor are violated near the
transition surface for the BMM quantum black hole. This
is expected because such an effective matter field is sup-
posed to provide some sort of repulsive force inside the
black hole in order to support the existence of the transi-
tion surface and to prevent the formation of singularity.
This effective matter field is nothing but an effective de-
scription of the quantum corrections introduced in the
LQG framework.
We then scrutinize the junction conditions on the tran-
sition surface. To do so, we applied the Israel junction
condition to a spacelike hypersurface embedded in the
most general static and spherically symmetric spacetime.
We then investigated the junction condition on the tran-
sition surface of the BMM quantum black hole and found
that the effective tension and pressure on the transition
surface are zero, rendering a perfectly smooth transition
between the black hole and the white hole regions.
After studying the interior structure of the BMM quan-
tum black hole, we investigated the black hole perturba-
tions and the QNM frequencies in this model. For the
massless scalar field perturbations and the electromag-
netic perturbations, the master equations can be derived
from the Klein-Gordon equation and the Maxwell equa-
tions, respectively. The master equation describing the
axial gravitational perturbations, on the other hand, is
obtained by linearizing the Einstein equation and the ef-
fective energy-momentum tensor of an anisotropic fluid.
It can be proven that the axial components of the effec-
tive energy-momentum tensor in the tetrad frame vanish.
Therefore, the master equation is derived from the axial
components of the equation R(a)(b) = 0. We focused
on the fundamental modes and calculated the QNM fre-
quencies by using the WKB approach up to the 6th or-
der as well as AIM. Our results show that each kind of
perturbations shares the same qualitative tendency when
changing the quantum parameters. That is, the real part
of the QNM frequencies increases when the quantum pa-
rameters increase. On the other hand, the absolute value
of the imaginary part of the QNM frequencies, which cor-
responds to the decay rate of the perturbations, increases
as well when λi increases slightly from zero. However, it
would start to decrease when λi acquires a larger value.
Such deviations of QNM frequencies from those of the
classical Schwarzschild black hole are due to the pres-
ence of quantum corrections and they are hopefully de-
tectable with future advancement of gravitational wave
observations. It should be emphasized that every phys-
ical quantity in this paper has been rescaled with the
mass of the black hole (2MBH = 1). Therefore, the devi-
ations of QNM frequencies from that based on GR would
be more pronounced for smaller black holes. For astro-
physical black holes, the deviations would be extremely
small. For example, if we consider a solar mass black hole
(M ≈ 1038MP ), using Eqs. (2.20) and (2.23), we find
that λ1λ2 has the dimension of [M ]
3. Assuming that the
quantum parameters satisfy λ1λ2 ≈ M3P , we find that
λ1λ2/M
3
BH = λ1λ2/M
3
 ≈ 10−114, which is extremely
small. Our estimation implies that the QNM spectra for
LQG black holes can have important and detectable de-
viations only for Planckian black holes.
Although actual detection of these deviations from
classical black holes would require a significant improve-
ment in gravitational wave detection capabilities, our
work establishes an interesting phenomenon: Quantum
corrections which appear deep inside the interior of the
black holes do ‘leak out’ to the horizon, as evidenced by
the QNM spectra of this model. This is in contrast to
the effect induced by quantum corrections to the geome-
try of such effective black holes in LQG. As pointed out
earlier, quantum modifications to the effective spacetime
die out rapidly when moving away from the transition
surface and geometric quantities such as curvature in-
variants recover their classical form near and outside the
horizon. This implies that the geometric structure of
such quantum-corrected black holes in LQG retains their
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FIG. 9. The real part (upper) and the imaginary part (lower) of the fundamental QNMs for the axial gravitational perturbations
are presented. Different colors represent different values of β. The left panel shows how the frequencies change with respect to
the changes of λ1 and λ2. We highlight the curves of λ1 = λ2 and show them in the right panel. In the right panel, the QNM
frequencies evaluated using the AIM are shown as colored points, and they match well with the WKB results (solid curves).
Here we assume the multipole number l = 2.
classical properties near the event horizon4. On the other
hand, as we have shown, the QNMs of these models can
still be sensitive to such quantum modifications, even if
their magnitude would be necessarily suppressed for large
mass black holes. In this sense, we have laid down the
path, at least in principle, to falsify quantum corrections
arising from LQG which are necessarily hidden deep in-
side the horizon.
In conclusion, we have demonstrated that the BMM
model not only is a consistent non-singular black hole
model in LQG and free from pathologies as pointed out
in [40–43], but also provides several signatures through
their QNMs, which shall ultimately render this model
distinguishable from GR. Furthermore, it would also be
interesting to utilize the junction condition for spacelike
hypersurfaces we have considered in this paper to inves-
tigate the properties of the transition surface of other
quantum corrected black hole models. We leave these for
our future works.
Note added: While we were preparing the final draft
of this work, two new papers [85, 86] appeared in which
4 Indeed, this turns out to be a consistency requirement violated
by some models of LQG black holes [40].
the authors of [47] improved their model to make it free
of its initial condition dependence, i.e., the requirement
of certain values of β. We plan to study the QNMs and
the interior structure of this model in the future.
Appendix A: The WKB method for calculating
QNM frequencies
Essentially, the QNM frequencies are calculated by
treating the master equations (Eqs. (4.10), (4.21), and
(4.30) in this paper) as an eigenvalue problem with
proper boundary conditions. In the literature, there
have been various methods to calculate the QNMs, rang-
ing from numerical approaches [83, 84] to semi-analytic
methods (see Refs. [53–56] and references therein).
Among the plethora of technical methods, in this pa-
per we have used a semi-analytical approach, which is
constructed on the WKB approximation, to evaluate the
QNM frequencies. The formulation of this method dates
back to the seminal work [59]. Furthermore, the 1st or-
der WKB method has been extended to the 3rd and 6th
order in Refs. [60, 61], respectively. Recently, a further
extension of the WKB method up to the 13th order has
been developed in Ref. [62, 64]. See Ref. [63] for a review
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on the developments of the WKB method to calculate
QNM frequencies.
By using the WKB method, the QNM frequencies can
be directly evaluated with a simple formula as long as the
effective potential in the master equation is known. It
should be highlighted that the WKB method is accurate
when the multipole number l is larger than the overtone n
[54]. Also, for astrophysical black holes, the fundamental
modes have the longest decay time and would dominate
the late time signal during the ringdown stage. These
are the reasons why we have focused on the fundamental
modes throughout this paper.
The idea of the WKB method relies on the bound-
ary conditions that we need to impose when calculating
QNM frequencies. At spatial infinity (b∗ → ∞), only
outgoing waves moving away from the black hole exist.
On the other hand, only ingoing waves moving toward
the black hole can exist at the event horizon (b∗ → −∞)
because nothing can escape from the event horizon. To
impose these boundary conditions, we treat the problem
as a quantum scattering process without incident waves,
while the reflected and the transmitted waves have com-
parable amounts of amplitudes. This can be achieved by
assuming that the peak value of the effective potential
satisfies V (b)|peak − ω2 & 0. There will be two classical
turning points at the vicinity of the peak. At the regions
far away from the turning points (b∗ → ±∞), the solu-
tion is obtained by using the WKB approximation up to
a desired order, with the aforementioned boundary con-
ditions. Near the peak, the differential equation is solved
by expanding the potential into a Taylor series up to a
corresponding order. After matching the solution near
the peak with those derived from the WKB approxima-
tion simultaneously at the two classical turning points,
the numerical values of the QNM frequencies ω can be
deduced according to the matching conditions.
In the 6th order WKB method, the QNM frequencies
can be evaluated with the following formula [59–61]
i
(
ω2 − V )√
−2 ∂2b∗V
∣∣∣∣∣
peak
−
6∑
i=2
Λi = n+
1
2
, (A1)
where Λi are constant coefficients resulting from higher
order WKB corrections. These coefficients contain the
value and derivatives (up to the 12th order) of the poten-
tial at the peak. The explicit expressions of Λi are given
in Refs. [60, 61] (see Eqs. (1.5a) and (1.5b) in Ref. [60],
and the appendix in Ref. [61]).
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